Hecke Algebras of TypeDnat Roots of Unity  by Hu, Jun & Wang, Jian-pan
 .Journal of Algebra 212, 132]160 1999
Article ID jabr.1998.7624, available online at http:rrwww.idealibrary.com on
Hecke Algebras of Type D at Roots of Unity*n
Jun Hu and Jian-pan Wang
Department of Mathematics, East China Normal Uni¨ ersity, Shanghai 200062, The
People’s Republic of China
Communicated by Gordon James
Received April 27, 1998
  ..This paper deals with representations of Hecke algebras of type D i.e., H Dn q n
over any field K and with any parameter q. Our method is to study the restrictions
Äl Äl  ..  .to H D of the Specht module S and simple module D of H B . We proveq n q, 1 n
Ãl l 2. 1. 1. 2.Ä Ä Ã< <  .that S ( S , where l s l , l . When l s l , we show thatH D . H D .q n q n
Äl  .S is a direct sum of its two H D -submodules with the same dimensions. Via thisq n
 .  .we give a crude presentations of all the simple modules of H D . When H D isq n q n
semisimple, we give a complete set of pairwise non-isomorphic simple modules.
Finally, we also give an attempt of using ``Murphy basis'' philosophy and construct
 .a basis for H D when n is odd. Q 1999 Academic Pressq n
 w x.In their paper see DJ3 , R. Dipper and G. D. James investigated
Hecke algebras of type B . Under certain restrictions on the values of qn
and Q, they classified the irreducible modules and derived results on
w xidempotents and blocks of these algebras. In a latter paper DJM , those
restrictions were removed by using the so-called ``Murphy basis'' approach.
Their idea were extended to more general cases by J. J. Graham and G. I.
w x w x  w x.Lehrer in GL . Using the methods of DJ3 , C. Pallikaros see P studied
Hecke algebras of type D . There similar restrictions on the values of qn
were imposed and the classification of simple modules was completed for
odd n.
w xTo remove those restrictions in P is the starting point of this work. We
 .shall study the Hecke algebras H D over any field K and with anyq n
parameter q. Our purpose is to give a suitable labeling for all the
non-isomorphic simple modules. Through a detailed study of the restric-
  ..  .tions to H D of Specht modules and simple modules of H B , weq n q, 1 n
 .get much information about simple modules of H D and give a crudeq n
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 .  .presentations of all the simple H D -modules. When H D is semisim-q n q n
ple, we give a complete set of pairwise non-isomorphic simple modules.
Finally, we also give an attempt of using Murphy basis philosophy. We
mimic the construction of Murphy basis which are labeled by pairs of all
.  .standard bitableaux for H B . We construct a set of K-linear genera-q, 1 n
tors labeled by pairs of standard bitableaux corresponding to certain
.  .bipartitions of H D , which is actually a basis when n is odd.q n
The paper is organized as follows. Section 1 collects some basic facts
 .   ..about Hecke algebras H B resp. H D and related combinatorics.q, 1 n q n
 .In Section 2 we study the restrictions of simple H B -modules. Weq, 1 n
 .  .prove that a simple H B -module restricts to either a simple H D -q, 1 n q n
 .module or a direct sum of a simple H D -module with its twist by tq n
 .Lemma 2.3 . We give a necessary and sufficient condition for which a
 .  .  .simple H D -module lifts to a simple H B -module Theorem 2.4 .q n q, 1 n
The main results are given in Section 3. There we first give a new
 .  .characterization of the Specht modules of H B Lemma 3.5 , realizingq, 1 n
 .  .it as a right ideal of H B . Then we prove Theorem 3.7 that the Spechtq, 1 n
 .  1. 2..module of H B associated to bipartition l s l , l is isomorphicq, 1 n
Ã 2. 1. .to the Specht module associated to bipartition l s l , l when re-
 . 1. 2.  .garded as a H D -module. When l s l hence n is even , we showq n
Äl .  .Theorem 3.8 that S is a direct sum of its two H D -submodules withq n
the same dimensions. As a result, we give a crude presentation of all the
 .  . simple H D -modules. When H D is semisimple, we give Theoremq n q n
.3.9 a complete set of pairwise non-isomorphic simple modules. In Section
4, we give an attempt of using Murphy basis philosophy. We construct
 .  .  .Theorem 4.4 a set of generators as K-linear space of H D . When n isq n
 .odd, they form a basis for H D . This gives rise to possible candidates forq n
 . permutation modules of H D . But we find that such basis is not in anq n
. w xobvious way cellular in the sense of GL .
 .  .1. THE HECKE ALGEBRAS H B AND H Dq, 1 n q n
 .  4Let W D be the Weyl group of type D . Denote by u, s , . . . , s then n 1 ny1
 .set of Coxeter generators of W D with relations described in then
following Coxeter diagram
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 .  .ny1It is well known that W D ( Zr2Z i S , and the subgroup ofn n
 .  .W D generated by s , s , . . . , s resp. u, s , . . . , s can be identifiedn 1 2 ny1 2 ny1
with S , the symmetric group on n letters.n
Let K be a fixed field with arbitrary characteristic and q g K be an
 .  .invertible element. The Hecke algebra H D associated to W D is anq n n
 <  .4associated algebra over K with a K-basis T w g W D and multiplica-w n
tion defined by
T 2 s q q q y 1 T , for 1 F i F n y 1; .s si i
T 2 s q q q y 1 T ; .u u
T T s T , if l xy s l x q l y . .  .  .x y x y
 .Here l is the length function on W D .n
 .  4Let W B be the Weyl group of type B . Denote by s , s , . . . , sn n 0 1 ny1
 .the set of Coxeter generators of W B with relations described in then
following Coxeter diagram
Then the map u ¬ s s s , s ¬ s , for 1 F i F n y 1 extends naturally to0 1 0 i i
 .  .  .an embedding of W D into W B making W D a subgroup of index 2n n n
 .  .  .in W B ( Zr2Z X S . The Hecke algebra associated to W B wasn n n
w x introduced in DJ3 with two parameters q and Q where Q corresponds to
.T . In this paper we only involve the case when Q s 1. The above groups0
 .embedding extends also to a K-algebra embedding from H D intoq n
 .  .  .H B . Now it is easy to see H B is in fact a free H D -module withq, 1 n q, 1 n q n
 4  .  .basis 1, T . Hence as a right H D -module, H B is isomorphic to as q n q, 1 n0
 .direct sum of two copies of regular H D -modules.q n
 .1.1 LEMMA. The map
T ¬ T T T ,s s s s1 0 1 0
T ¬ T for i / 1s si i
 .extends uniquely to an in¨oluti¨ e K-algebra automorphism t of H B ,q, 1 n
 .  .which maps H D isomorphically onto H D .q n q n
Proof. It is clear.
There are some other useful automorphisms and antiautomorphisms
 .  .which in fact exist in Hecke algebras H W with single parameter of anyq
w xtype. For more details, see H. Chap. 7 .
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 .1.2 LEMMA. Let ), a be the maps defined by
): T ¬ T y1 ,w w
 .l w y1
y1a: T ¬ yq T , .w w
 .for each w g W extends to H W by linearity. Then ) is a K-algebraq
 .antiautomorphism of H W and a is a K-algebra automorphism.q
 .Before giving some basic facts about representations of H B , weq, 1 n
need some combinatorial notations. For a g Zq, a composition l of a is a
sequence of non-negative integers whose sum is a, and l is called a
partition if the sequence is non-increasing. There are the notions of
d  .dominant order , diagrams, tableaux, row standard resp. standardy
tableaux, and weak Bruhat order G . For their definitions, we refer the
w x l  .readers to DJ1, J . Let l be a composition of n. Denote by t resp. tl
the standard l-tableau in which the numbers 1, 2, . . . , n appear in order
 .along successive rows resp. columns . For any row standard l-tableau t,
 . l  .  .let d t g S be such that t d t s t. Then d t is a distinguish right cosetn
representati¨ e of the row stabilizer of t l in S . In particular, let w g Sn l n
l  w  .x. lbe such that t w s t . Then the map see DJ1, 1.5 u ¬ t u gives al l
 < 4bijection between u g S u G w and the set of standard l-tableaux.n l
 .When studying representations of H B , it is more convenient to dealq, 1 n
 w x.with pairs of tableaux see DJM . Let a be a non-negative integers, an
 1. 2..a-bicomposition of n is an ordered pair l s l , l of compositions such
that l1. is a composition of a, and l2. is a composition of n y a. Similar
definitions can be given for a-bipartition.
dThere is also a dominant order on the set of bicompositions. Lety
1. 2. 1. 2. d .  .l s l , l , m s m , m . l m, ify
j j
1. 1.l G m for all j; i i
is1 is1
j j` `
1. 2. 1. 2.l q l G m q m for all j,   i i i i
is1 is1 is1 is1
 i.   i.  i. .  i.   i.  i. .  4where l s l , l , . . . , m s m , m , . . . for i g 1, 2 .1 2 1 2
w xFor an a-bicomposition l of n, the l-diagram l is just defined to be
w 1.x w 2.xthe diagram l along with the diagram l . A l-bitableau is obtained
w xfrom l by replacing each position by one of the numbers 1, 2, . . . , n,
 1. 2..allowing no repeats. Therefore we can write a l-bitableau t as t s t , t
where t 1. is a l1.-tableau and t 2. is a l2.-tableau. Now we have the
 . lobvious notions of row standard resp. standard l-bitableaux. Let t s
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 l1. l2..t , t be the standard l-bitableau in which the numbers 1, 2, . . . , a
appear in order by rows in t l
1.
and the numbers a q 1, a q 2, . . . , n
l2.  .1. 2.appear in order by rows in t . Let t s t , t be the standardl l l
l-bitableau in which the numbers 1, 2, . . . , n y a appear in order by
columns in t 2. and the numbers n y a q 1, . . . , n appear in order byl
l  . 1.columns in t . Let w g S be such that t w s t . When l s a , n yl l n l l
.. la , write w as w . Then the map u ¬ t u also gives a bijectionl a, nya
 < 4between u g S u G w and the set of standard l-bitableaux. For moren l
w xdetails, see DJM .
 . w  .x  1. 2..1.3 DEFINITION DJM, 4.1 . Suppose that l s l , l is an a-bi-
composition of n. Let
x 1. s T : w g S and w stabilizes the rows of t l1. ; 4l w a
x 2. s T : w g S and w stabilizes the rows of t l2. ,  5l w aq1, . . . , n.
and x s x 1. x 2..l l l
wNote that there is a little difference between our x and that in DJM,l
 .x w  .x4.1 . For convenience, we write T simply as T . As in DJM, 2.1 , we sets ii
uqs 1;0
k
q iy1u s q q T ??? T T T T T ??? T for 1 F k F n , .k iy1 2 1 0 1 2 iy1
is1
and
uys 1;0
k
y iy1u s q y T ??? T T T T T ??? T for 1 F k F n. .k iy1 2 1 0 1 2 iy1
is1
Note that when q s 1 the ith term in the above product of uq is just thek
Älsum of all elements in the ith base group. Now the Specht module S
 .  w x.associated to bipartition l is defined see DJM to be a certain quotient
l q  .1. 2.of M s u x x H B . There is a symmetric bilinear form on eacha l l q, 1 n
l Äl ÄlM , which also induces a symmetric bilinear form on each S . Now D
Äl .may be zero is defined to be the quotient of S modulo the radical of the
form. We have
 . w  .  .  .x  .  .1.4 THEOREM DJM, 4.22 , 6.5 , 6.6 . 1 E¨ery simple H B -q, 1 n
Äl  .module is a composition factor of some S . When H B is semisimple,q, 1 n
Äleach S is absolutely irreducible and they form a complete set of pairwise
 .non-isomorphic simple H B -modules.q, 1 n
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m l dÄ Ä .2 If D / 0 is a composition factor of S then l m, and e¨eryy
l m d lÄ Ä Äcomposition factor of S is isomorphic to some D with l m. If D / 0y
Äl Älthen the composition multiplicity of D in S is 1.
Äl Äl .  < 43 The set D l is a bipartition of n and D / 0 forms a complete
 .set of pairwise non-isomorphic simple H B -modules.q, 1 n
Recall the definition of w g S . We shall write T simply asa, b aqb wa, bw xh . As in DJ3 , we define for any a G 1 and b G 1a, b
¨ s uqh uy.a , b a a , b b
We list some of their properties as follows:
 . w x1.5 LEMMA DJ3 . For any a G 1 and b G 1,
 . q  . y y  . q1 If a q b ) n, then u H B u s 0 s u H B u .a q, 1 n b a q, 1 n b
 .  .  .2 ¨ H B s ¨ H S , and it is a free module with basisa, b q, 1 n a, b q aqb
<¨ T w g S . 4a , b w aqb
 .3
T ¨ , if 1 F k - b ,s a , baq k¨ T sa , b sk  T ¨ , if b q 1 F k - a q b.s a , bky b
w xWe now turn to the Hecke algebras of type D . As in P , we setn
p s p s1;0 1
p s q ky1 q T ??? T T T T T ??? T for k G 2,k ky1 3 2 u s 2 3 ky11
and let p s p p ??? p .k 0 1 k
We have
 .1.6 LEMMA. For 1 F k F n,
qu s p 1 q T s 1 q T p , .  .k k 0 0 k
yu s p 1 y T s 1 y T p . .  .k k 0 0 k
q  .Proof. We only prove that u s p 1 q T . The other ones can bek k 0
proved similarly.
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We use induction on k. The claim is true for k s 1. In general, suppose
it is true for k y 1. We have
uqs uq q ky1 q T ??? T T T T T ??? T .k ky1 ky1 2 1 0 1 2 ky1
ky1s p 1 q T q q T ??? T T T T T ??? T .  .ky1 0 ky1 2 1 0 1 2 ky1
ky1 ky1s p q q q T q T ??? T T T T T ??? Tky1 0 ky1 2 1 0 1 2 ky1
qT ??? T T T T T ??? T T .ky1 2 0 1 0 1 2 ky1
ky1 ky1s p q q q T q T ??? T T T T T T T ??? Tky1 0 ky1 2 1 0 1 0 0 2 ky1
qT ??? T T T T T T ??? T .ky1 2 0 1 0 1 2 ky1
ky1s p q q T ??? T T T T T ??? T 1 q T . .ky1 ky1 3 2 u s 2 3 ky1 01
s p 1 q T , .k 0
as required.
Ä .  .Now we define for any a G 1 and b G 1, ¨ a, b s p h y h p ,a a, b a, b b
Ä  .where h is just t h . Then we havea, b a, b
 . w x1.7 LEMMA P . For any a G 1 and b G 1,
Ä Ä .  .  .1 h y h p s 0 s p h y h .a, b a, b bq1 aq1 a, b a, b
 .  .2 If a q b ) n, then p H D p s 0.a q n b
 .  .  .  .  .3 ¨ a, b H D s ¨ a, b H S , and it is a free module withq n q aqb
basis
<¨ a, b T w g S . 4 . w aqb
 .4
T ¨ a, b , if 1 F k - b , .saq k¨ a, b T s . sk  T ¨ a, b , if b q 1 F k - a q b. .sky b
 .1.8 LEMMA. For any a G 1 and b G 1,
¨ s 1 q T ¨ a, b s ¨ a, b 1 y T , .  .  .  .a , b 0 0
uyh uqs 1 y T ¨ a, b s ¨ a, b 1 q T . .  .  .  .a a , b b 0 0
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 .  .Proof. We only prove that ¨ s 1 q T ¨ a, b . The other ones cana, b 0
 .be proved similarly. We have by Lemma 1.6
q Ä1 q T ¨ a, b s u h y h p .  .  .0 a a , b a , b b
qs u T ??? T T y T T ??? T ??? T ??? T p .a a 2 1 u aq1 2 ny1 b b^ ` _ ^ ` _
qs u T ??? T T 1 y T T ??? T ??? T ??? T p .a a 2 1 0 aq1 2 ny1 b b
qs u T ??? T T T ??? T ??? T ??? T 1 y T p .a a 2 1 aq1 2 ny1 b 0 b
s ¨ ,a , b
as required.
 .1.9 LEMMA. For any a G 1, b G 1 and w g S , we ha¨eb, a.
h T s T y1 h ,a , b w w w w a , ba , b a , b
¨ T s T y1 ¨ ,a , b w w w w a , ba , b a , b
¨ a, b T s T y1 ¨ a, b . .  .w w w wa , b a , b
w  .  .xProof. This follows immediately from DJ3, 2.5 , 2.7 , Lemma 1.5,
and Lemma 1.7.
 .2. RESTRICTIONS OF SIMPLE H B -MODULESq, 1 n
In this section, we shall study the restriction behavior of simple
 .H B -modules.q, 1 n
Recall that for any K-algebra A with a K-algebra automorphism w, and
for any A-module V, one can define a new A-module V w, called its twist by
w  . ww, such that V s V as a K-linear space and a g A acts as w a on V .
We have
 .  .2.1 LEMMA. Let l be an a-bipartition of n. Then we ha¨e two H B -q, 1 n
module isomorphisms:
t t
l l l lÄ Ä Ä Ä1 D ( D , 2 S ( S . .  . .  .
 .  .Proof. We only prove 1 , while 2 can be proved similarly. We divide
into two cases:
ÄlCase 1. a s 0. We claim that for any x g S , xT s xT . Recall that1 u
l l l lÄ  .S s M rM . It is enough to show that x h T y T g N , for anyl 1 u
l l .  .h g H B . Here l is in fact a partition of n since a s 0 . M and Nq, 1 n
w  .  .xare as defined in DJM, 4.7 , 5.7 .
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q l . .  .  .  .  wSince x H S 1 q T H S s x H S u H S : N see DJM,l q n 0 q n l q n 2 q n
 .x.  .4.10 , we can assume without loss of generality that h g H S , theq n
subalgebra generated by T , . . . , T . Therefore1 ny1
x h T y T s x hT y x hT T T .l 1 u l 1 l 0 1 0
s x hT y x h 1 q T y 1 T T .l 1 l 0 1 0
' x hT q x hT T by DJM, 4.10 .l 1 l 1 0
' x hT y x hT by DJM, 4.10 .l 1 l 1
l' 0 mod N . .
Äl ÄlSince D is a homomorphic image of S , we obtain also that xT s xT1 u
Äl Äl Äl t .for any x g D . Hence D ( D , as required.
w  .  .x q  . Case 2. a G 1. By DJ3, 3.3 , 3.4 , u is central in H S thea q a
. q q qHecke subalgebra generated by T , . . . , T , and u T s T u s u .1 ay1 a 0 0 a a
Therefore
uqT s uqT T T s uqT ,a u a 0 1 0 a 1
and hence
t uqx 1. x 2. s t uqt x 1. x 2. s t uq x 1.t x 2. s uqx 1. x 2. . .  . .  . .a l l a l l a l l a l l
l l l .Since t N s T N T s N , one sees easily the involutive automorphism0 0
l l Äl .t of H B maps M onto M and also induces a bijective map from Dq, 1 n
l l l tÄ Ä Ä .to D . This gives the isomorphism D ( D , as required.
l l .  . w x2.2 Remark. As we have seen in the proof, t N s N . In DJM , it
was proved that the set
l q l
1. 2.x q N s u x x T q N s is a standard l-bitableau 5ls a l l d s.
Älforms a basis for S . The above lemma tells us that we can get a basis for
Äl t Äl .  .S which is just S as a K-linear space if we replace all the T by T1 u
in the above expression.
Äl .2.3 LEMMA. Let l be an a-bipartition of n. Suppose D / 0, then
Äl <D is eitherH D .q n
 .  .1 a simple H D -module, orq n
 .  .2 a direct sum of a simple H D -module with its twist by t .q n
 .  .Proof. Since W D is a normal subgroup in W B of index 2, then n
 w  .  .x.lemma just follows from Clifford Theory see CR, 11.12 , 11.16 .
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 .Recall that H B is isomorphic to a direct sum of two copies ofq, 1 n
 .  .regular H D -modules. Since every simple H D -module is a homomor-q n q n
 .phic image of a regular H D -module, we conclude that every simpleq n
 .  .H D -module appears as a composition factor in some simple H B -q n q, 1 n
 .module. On the other hand, if a simple H D -module can be lifted to aq n
 .  .H B -module, then it must also be a simple H B -module. Weq, 1 n q, 1 n
observed
 .  .2.4 THEOREM. Let D be a simple H D -module. Thenq n
 .  .  . t1 D can be lifted to a simple H B -module if and only D ( D ,q, 1 n
and in that case,
 .  .  .2 D can be lifted to at most two non-isomorphic simple H B -q, 1 n
module.
 .  .  .3 If char K s 2, D can be lifted to only one simple H B -mod-q, 1 n
ule.
 .Proof. 1 One direction is clear, while the other direction also fol-
 w  .  .x.lows from Clifford theory see CR, 11.12 , 11.16 as Lemma 2.3.
w c
l mÄ ÄÄ Ä . < <2 Suppose D ¤ D ª D for some bipartitions l / mH D . H D .q n q n
Äl Ä mof n. We define a map from D to D as
Äl Ä mD ª D
x ¬ c wy1 T x q T c wy1 x . .  . . .0 0
 .It is easy to verify that this defines a H B -module homomorphism fromq, 1 n
Äl Ä m t Ä m .D to D ( D . This forces
y1 y1 Älc w T x q T c w x s 0, ; x g D . .  . . .0 0
This proves our claim.
 .  .3 It is clear by the proof of 2 .
As a consequence, we have
 .2.5 COROLLARY. Let l, m be two bipartition of n. Assume l / m. Then
we ha¨e
Äl t Ä m . < <1 If D ( D [ D , D ( D9, where D, D9 are twoH D . H D .q n q n
 . tsimple H D -modules, then D9 \ D and D9 \ D .q n
Äl t Ä m t . < <  .2 If D ( D [ D , D ( D9 [ D9 , where D, D9 areH D . H D .q n q n
 . ttwo simple H D -modules, then D9 \ D and D9 \ D .q n
Äl Ä m Äl Ä m . < < < <3 If D ( D , then both D and D areH D . H D . H D . H D .q n q n q n q n
 .simple H D -modules.q n
HU AND WANG142
3. THE MAIN RESULTS
In this section we shall give our main results Theorem 3.7 and Theorem
.3.8 . First we need several lemmas:
 .  1. 2..3.1 LEMMA. Let l s l , l be an a-bicomposition of n and r be a
 .row standard l-bitableau. Then r is a standard l-bitableau if and only if d r
 .1. 2.can be written uniquely as d d c, where d G w resp. d G w , c is a1 2 1 l 2 l
1. 2.distinguish right coset representati¨ e of W in S resp. of W inl a l
.S , of S in S .aq1, . . . , n. a, nya. n
Proof. One direction is clear. We only need to prove another direction.
 . w  .x  .If r is a standard l-bitableau, then d r G w by DJM, 3.3 . Now d rl
can be written uniquely as d d c, where d g S , d g S , and c1 2 1 a 2 aq1, . . . , n.
is a distinguish right coset representative of S in S . Sincea, nya. n
 . ld d G d r G w , t d d is also a standard l-bitableau. Now the lemma1 2 l 1 2
follows immediately.
The following lemma proved to be useful in our later work.
 .  .3.2 LEMMA. For any h g H B , writeq, 1 n
uqh s a m x m s a mTU uqx T ,   a r s r s r s d r . b m d s.
m m0FbFn 0FbFn
 .  .r , s r , s
m  .where a g K and in both equalities the second  sums o¨er all b-biparti-r s
 . mtions m and pairs of standard m-bitableaux r, s . Then a / 0 « b G a andr s
 .d r g S .b, nyb.
w  .xProof. By DJM, 4.9 , we have
uqh s r uq h ,a i aqi i
iG0
 .where r g K, h g H S .i i q n
X Y X  . Y  .Write h as  h h T , where h g H S , h g H Si j i j i j c i j q aqi i j q aqiq1, . . . , n.i j
and c is a distinguish right coset representative of S in S .i j aqi, nyayi. n
w  .x X  Y .By M, 4.17 , we can express h resp. h as a linear combinations of thei j i j
 .   ..Murphy basis elements for H S resp. for H S . In otherq aqi q aqiq1, . . . , n.
words, we have
uqh s a m1.a m2. uq x m1.x m2.T a r s r s aqi r s r s c1 1 2 2 1 1 2 2 i j
1. 2.iG0 m , m
 .  .r , s ; r , s1 1 2 2
s a m1.a m2. uq TU TU x 1. x 2.T T T .  r s r s aqi d r . d r . m m d s . d s . c1 1 2 2 1 2 1 2 i j
1. 2.iG0 m , m
 .  .r , s ; r , s1 1 2 2
Now the lemma follows immediately from Lemma 3.1.
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 1. 2..  1.9 2.9.Let l s l , l be an a-bicomposition of n. Write l9 s l , l ,
1.9  2.9. 1.  2..where l resp. l is the dual partition of l resp. of l .
 .It is well known that the Hecke subalgebra of H D generated byq n
 .T , . . . , T is isomorphic to H S . Using this identification, we have1 ny1 q n
 .  1. 2..  .3.3 LEMMA. For any a-bipartition l s l , l , there is a H S -q n
module isomorphism
a1.9 2.9H S .q nl l l a a aÄ <S ( Ind S m S ( x T T x H S , .H S . H S . l9 w w l q n1.9 2.9 /q n q a , nya. l l
l1.9  l2.9. 1.9  2.9.where S resp. S is the Specht module associated to l resp. to l
w  .xas defined in DJ1, 4.1 .
Proof. Let W s S . For any partition m of m, the Specht modulem
m  .S is, by definition, equal to x T y H S , where y sm w m9 q m m9m
 .yl w . yq T . Sincew g W wm9
 .l wa y1
y1x H S s yq T H S .  .  .m9 q m w q m /
wgWm9
 .l w y1s yq T H S .  . w q m /
wgWm9
 .l w y1s yq T T H S .  . w w q mm9 , 0 /
wgWm9
 .yl ws yq T H S s y H S , .  .  . w q m m9 q m /
wgWm9
m a  .where w is the longest element in W , we see S s x T x H S .m9, 0 m9 m w m9 q mm
Therefore the second isomorphism follows directly from the definition. It
suffices to prove the first isomorphism.
ÄlRemember that S has a basis consisting of
l q l q l
1. 2.x q N s u x T q N s u x x T q N ,ls a l d s. a l l d s.
where s runs through all the standard l-bitableaux. By Lemma 3.1, we
 1. 2.. 1.may write s s ¨c, where ¨ s ¨ , ¨ are standard l-bitableaux and ¨
contains precisely the numbers 1, 2, . . . , a and c is a distinguished right
lcoset representative of S in S . Therefore we can rewrite x q Na, nya. n l s
as
q l
1. 1. 2. 2.u x T x T T q N . .  .a l d¨ . l d¨ . c
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Äl1. Äl2. 1. .Denote by S resp. S the dual Specht module associated to l
 2.. w  .x resp. to l as defined in M, 5.1 but he called it a Specht module
Äl1. Äl2..  .there . By construction, S resp. S has a basis consisting of
1. 1.l l
1. 1. 1. 1.x q N s x T q N ,l ¨ l d¨ .
where ¨ 1. runs through all the standard l1.-tableaux which contains
precisely the numbers 1, 2, . . . , a resp.
2. 2.l l
2. 2. 2. 2.x q N s x T q N ,l ¨ l d¨ .
where ¨ 2. runs through all the standard l2.-tableaux which contains
.precisely the numbers a q 1, . . . , n .
By the proof of Lemma 3.2, it is clear that the map which sends
q l
1. 1. 2. 2.u x T x T T q N .  .a l d¨ . l d¨ . c
to
1. 2.l l
1. 1. 2. 2.x T q N m x T q N m T /  /l d¨ . l d¨ . c
 .defines a H S -module isomorphism:q n
Äl HqS n. Äl1. Äl2.<S ( Ind S m S .H S . H S .q n q a , nya.
w  .  .xBy M, 5.2 , 5.3 ,
a a1. 1.9 2. 2.9l l l lÄ ÄS ( S , S ( S . .  .
Therefore, the right-hand side of the first isomorphism is isomorphic to
a a1.9 2.9 1. 2.H S . H S .l l l l lq n q n Ä Ä ÄInd S m S ( Ind S m S ( S , .  .H S . H S .q a , nya. q a , nya.
as required.
 .3.4 Remark. Note that the Hecke subalgebra generated by T ,u
 .T , . . . , T is also isomorphic to H S . The above lemma still holds if2 ny1 q n
we are working with this Hecke subalgebra. Moreover, using these facts, it
 .is easy to get two H S -module isomorphisms,q n
Ã Ãl l l l :  :  :  :Ä Ä Ä ÄT , . . . , T T , . . . , T T , . . . , T T , . . . , TS (S , S (S ,1 ny1 1 ny1 u ny1 u ny1
 :   :.where T , . . . , T resp. T , . . . , T denotes the subalgebra gener-1 ny1 u ny1
 .ated by T , . . . , T resp. by T , . . . , T . But unfortunately, these two1 ny1 u ny1
isomorphisms are not compatible in general. We leave the details to the
readers.
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ÄlSuppose 0 - a - n. Recall that S is, by definition, equal to
l l q q lM rM s u x H B r u x H B l N . .  . /a l q , 1 n a l q , 1 n
ÄlIn the following lemma, we give a new characterization of S , realizing it
 .as a right ideal of H B .q, 1 n
 .  1. 2..3.5 LEMMA. Let l s l , l be an a-bipartition of n, where 0 - a -
 .n. Then there is a H B -module isomorphism,q, 1 n
Äl y q a a aS ( u h u x T T x H B . .nya nya , a a l9 w w l q , 1 n1.9 2.9l l
Proof. By Lemma 1.8 and Lemma 1.9, we have
uy h uqx aT a T a x H B .nya nya , a a l9 w w l q , 1 n1.9 2.9l l
s 1 y T ¨ n y a, a xaT a T a x H B .  .  .0 l9 w w l q , 1 n1.9 2.9l l
s 1 y T xaT a T a x ¨ n y a, a H B .  .  .Ã Ã0 l9 w w l q , 1 n1.9 2.9Ã Ãl l
s 1 y T xaT a T a x ¨ n y a, a H S .  .  .Ã Ã0 l9 w w l q n1.9 2.9Ã Ãl l
s 1 y T ¨ n y a, a xaT a T a x H S .  .  .0 l9 w w l q n1.9 2.9l l
s uy h uqx aT a T a x H S . .nya nya , a a l9 w w l q n1.9 2.9l l
 .Therefore, we get by Lemma 1.8, Lemma 1.7, and Lemma 3.3
dim uy h uqx aT a T a x H B .nya nya , a a l9 w w l q , 1 n1.9 2.9l l
s dim xaT a T a x H S .l9 w w l q n1.9 2.9l l
Äls dim S .
Now to prove the theorem, we only need to construct a surjective
 .H B -module morphism between them. We claim the map which sendsq, 1 n
q l y q a a au x q M to u h u x T T x extends naturally to such aa l nya nya, a a l9 w w l1.9 2.9l l
 .surjective H B -module morphism.q, 1 n
q lIt is enough to check that the map is well-defined. Suppose u x h g Na l
 .for some h g H B . Sinceq, 1 n
uy h uqx aT a T a x h s uy h xaT a T a uqx h ,nya nya , a a l9 w w l nya nya , a l9 w w a l1.9 2.9 1.9 2.9l l l l
q  . q  .and u x H B s u x H D , we can assume without loss of generalitya l q, 1 n a l q n
 .that h g H D .q n
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By Lemma 3.2, we can write uqx h asa l
a mTU uqx T q an TU uqx T  r s d r . a m d s. rs d r . b n ds .
m nb)a
 .r , s .r , s
s a m uqT U x T q an uqT U x T ,  r s a d r . m d s. rs b d r . n ds .
m nb)a
 .r , s .r , s
and hence
U Um np x h s a p T x T q a p T x T ,  a l r s a d r . m d s. rs b d r . n ds .
m nb)a
 .r , s .r , s
 . mwhere m, r, s and a are as described in Lemma 3.2. Now by ther s
l mdefinition of N , we know that in the above sum we also have a / 0 «r s
md l.
 .Therefore we have by Lemma 1.8 and Lemma 1.7
uy h uqx aT a T a x hnya nya , a a l9 w w l1.9 2.9l l
s 1 y T xaT a T a ¨ n y a, a x h .  .Ã0 l9 w w l1.9 2.9Ã Ãl l
a a a Äs 1 y T x T T p h y h p x h .  .Ã0 l9 w w nya nya , a nya , a a l1.9 2.9Ã Ãl l
a a a Äs 1 y T x T T p h y h .  .Ã0 l9 w w nya nya , a nya , a1.9 2.9Ã Ãl l
= U Um np a T x T q p a T x T  a r s d r . m d s. b rs d r . n ds . /
md l b)a n d l
 .  .r , s r , s
a Ua a mÄs 1 y T x T T p h y h p a T x T .  .Ã 0 l9 w w nya nya , a nya , a a r s d r . m d s.1.9 2.9Ã Ãl l
md l
 .r , s
s 1 y T ¨ n y a, a xaT a T a a mTU x T .  . 0 l9 w w r s d r . m d s.1.9 2.9l l
md l
 .r , s
s uy h uqx aT a T a a mTU x T .nya nya , a a l9 w w r s d r . m d s.1.9 2.9l l
md l
 .r , s
Now by the proof of Lemma 3.2, we know in fact the term in the above
sum can be written as
a mTU 1. TU 2. x 1. x 2.T 1. T 2. T m ,r s d r . d r . m m d s . d s . cr s
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 1..  1..   2..  2.. .1. 2.where d r , d s G w resp. d r , d s G w are two distin-m m
1. 2.guish right coset representatives of W in S resp. of W inm a m
. mS , and c is a distinguish right coset representative of Saq1, . . . , n. r s a, nya.
in S .n
Therefore we have
uy h uqx aT a T a x hnya nya , a a l9 w w l1.9 2.9l l
s uy h uq a m x 1.9a T a TU 1. x 1.T 1.  .nya nya , a a r s l w d r . m d s .1.9l
md l
 .r , s
= x 2.9a T a TU 2. x 2.T 2. T m .l w d r . m d s . c2.9l r s
s uy h uq a m x 1.9a T a TU 1. x 1.T 1.  .nya nya , a a r s l w d r . m d s .1.9l 1. 1.m d l
= x 2.9a T a TU 2. x 2.T 2. T m .l w d r . m d s . c2.9l r s
q a m x 1.9a T a TU 1. x 1.T 1.  .r s l w d r . m d s .1.9l
1. 1.m sl
2. 2.m d l
= x 2.9a T a TU 2. x 2.T 2. T m . .l w d r . m d s . c2.9l r s /
1. 2.a l a lw  .x 1.9 2.9But by M, 4.12 , we know x N s 0 s x N . Therefore the abovel l
expression is indeed equal to zero, as required.
 .3.6 Remark. Suppose 0 - n y a - n. It is clear that
uy h uqx aT a T a x H B .nya nya , a a l9 w w l q , 1 n1.9 2.9l l
s 1 y T ¨ n y a, a xaT a T a x H S .  .  .0 l9 w w l q n1.9 2.9l l
s 1 y T ¨ n y a, a xaT a T a x H D .  .  .0 l9 w w l q n1.9 2.9l l
( ¨ n y a, a xaT a T a x H D , .  .l9 w w l q n1.9 2.9l l
 .  .when regarded as a H D -module. Therefore we get a H D -moduleq n q n
isomorphism:
Äl a a a<S ( ¨ n y a, a x T T x H D . .  .H D . l9 w w l q n1.9 2.9q n l l
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Before giving the main result of our paper, we need to recall some more
results on the representations of the Hecke algebras associated to symmet-
 .  .ric groups. Denote by H S the Hecke algebras of S over R sR , q m m
w y1 x  w x.Z q, q . The Murphy operators see DJ2 are defined to be
1, for b s 1,
L s by1 iybb   q T , for 1 - b F m ,is1  i , b.
 .where T denotes the element in H S corresponding to the trans- i, b. R , q m
 . w x by1 position i, b . By DJ3, 4.2 , T ??? T T ??? T s q 1 q q yby1 1 1 by1
. .1 L . Therefore for any 1 F a F m,b
a adef iy1 aay1.r2f s q q T ??? T T ??? T s q 2 q q y 1 L . . . . a iy1 1 1 iy1 i
is1 is1
Since the symmetric polynomials in the L belong to the center ofb
 .  w x.  .H S by DJ2, 2.3 , we know that f is central in H S . LetR , q m m R , q m
 w x.  .l & m be a partition of m. We define see DJ2 the residue of the i, j
 w x.node in the Young diagram l to be
¡ 2 jyiy11 q q q q q ??? qq , if j ) i ,~0, if j s i ,¢ y1 y2 y iyj.yq y q y ??? yq , if j - i .
 .For w g S , 1 F b F m, denote by r b the residue of the nodem lw
l  .  .occupied by b in t w. It is easy to verify that q y 1 r b q 2 is always alwl
  .. w xnonzero polynomial denote by f q in R. By DJ2, 3.14 , we have forl, b
any 1 F b F m,
x T y L s r b x T y . .l w l9 b lw l w l9l l l
 .Since f is central in H S , we obtain that f acts asm R , q m m
m
def mmy1.r2f q s q f q / 0 .  .l l , i
is1
on the Specht module Sl.R
Now we can give the proof of our main result:
 .  1. 2..3.7 THEOREM. Let l s l , l be an a-bipartition of n, where a F n
Ã Ã1. Ã2. 2. 1. .  .  .y a. l s l , l s l , l . Then there is a H D -module isomor-q n
phism:
; Ãl lÄ Ä< <S ª S .H D . H D .q n q n
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q  . q  .Proof. Suppose a s 0. It is clear that u x H B s u x H D . WeÃ Ãn l q, 1 n n l q n Ãq l  ..claim that the map which sends for any h g H D u x h q M toÃq n n l Ãl q l .x h q M defines a H D -module homomorphism. Assume u x h g N .Ãl q n n l
q  . q q q qSince u is central in H B and u T s u , we have u x h s u x h9,Ã Ãn q, 1 n n 0 n n l n l
 .where h9 g H S is obtained from h by replacing all T in the expres-q n uÃq l lsion of h by T . Therefore, u x h9 g N , hence x h9 g N . But byÃ Ã1 n l l
ÄlLemma 2.1, xT s xT , for any x g S , which implies x h ' x h9 s x h9Ãu 1 l l l
l l lÄ .  .' 0 mod N . This proves our claim. Now it is clear S s x H D q Ml q n
 .also by the proof Lemma 2.1 , hence the map is surjective. Since both
sides have the same dimensions by the enumeration on the pairs of
.bitableaux we deduce that the map must be an isomorphism, as required.
Now suppose a ) 0. By Remark 3.6, we only need to prove
¨ n y a, a xaT a T a x H D .  .l9 w w l q n1.9 2.9l l
; a a aª¨ a, n y a x T T x H D . )) .  .  .Ã Ãl9 w w l q n1.9 2.9Ã Ãl l
Ãl lÄ ÄBy the same reason as before, we know dim S s dim S . Hence to prove
 .the theorem, it suffices to construct directly an injective H D -moduleq n
homomorphism between them.
w xBy DJ1, 5.6 we know in fact that the Specht modules of the Hecke
w y1 xalgebra associate to symmetric groups defined over R s Z q, q with a
w x   ..standard basis. The discussions in P imply the right ideal of H Dq n
 .   . <generated by ¨ a, n y a also defined over R with basis ¨ a, n y a T ww
4  .g S . As a result, we know both sides in )) defined over R with ann
 .obvious standard basis.
Since
aa aÄp h y h ¨ n y a, a x T T x h . .a a , nya a , nya l9 w w l1.9 2.9l l
a a aÄs p h y h x T T x ¨ n y a, a h . . Ã Ãa a , nya a , nya l9 w w l1.9 2.9Ã Ãl l
a a aÄ Äs p h y h x T T x p h y h p h .  .Ã Ãa a , nya a , nya l9 w w l nya nya , a nya , a a1.9 2.9Ã Ãl l
a a aÄ ÄXs p h y h p x T T x h y h p h , .  .Ã Ãa a , nya a , nya nya l w w l nya , a nya , a a1.9 2.9Ã Ãl l
a a a Äs ¨ a, n y a x T T x h y h p h , .  .Ã Ãl9 w w l nya , a nya , a a1.9 2.9Ã Ãl l
 .we understand that the map denote by u which sendsR
¨ n y a, a xaT a T a x h . l9 w w l1.9 2.9l l
  ..for any h g H D toR , q n
a a aÄp h y h ¨ n y a, a x T T x h . .a a , nya a , nya l9 w w l1.9 2.9l l
Ãl lÄ Ä .defines a H D -morphism from S to S .R , q n R R
HU AND WANG150
Our strategy is to construct the desired injective homomorphism from
w  .x q y qu . By DJM, 4.9 , we can rewrite ¨ s u h u as u h9 qR nya, a nya nya, a a nya
q X X  . u h , for some h9, h g H S . Now we postmultiply bothb) nya b b b R , q n
y  .sides by u and get by Lemma 1.5a
a
2q y q y iy1u h u s u h u q q T ??? T T ??? T .  .nya nya , a a nya nya , a a iy1 1 1 iy1 /is1
s ¨ f s uq hX uy.nya , a a nya a
q X y w  .xSince f / 0, and hence u h u / 0, we know by DJM, 5.1a nya a
h9 g H S h s h H S . .  .R , q nya , a. nya , a nya , a R , q a , nya.
 .This, in turn, shows that by Lemma 1.5 h9 s h f . Hencenya, a a
X¨ n y a, a s p h f q p h . . nya nya , a a b b
b)nya
By our previous discussions on Murphy operators and residues, we know
 . l1. U  .1.that f acts as f q / 0 on S . Since L s L by definition , we seea l R b b
 .1.that f also acts as f q ona l
a1. 1.9l l a a aS * ( S s x T T x H S . . .  .R R l9 w w l R , q a1.9 2.9l l
Therefore
f 1. q ¨ a, n y a xaT a T a x h h .  . Ã Ãl l9 w w l nya , a1.9 2.9Ã Ãl l
s f 1. q ¨ a, n y a h xaT a T a x h .  .l nya , a l9 w w l1.9 2.9l l
s f 1. q ¨ a, n y a h x 2.9a T a x 2. x 1.9a T a x 1. h .  .  .l nya , a l w l l w l2.9 1.9l l
s ¨ a, n y a h x 2.9a T a x 2. x 1.9a T a x 1. f h .  .nya , a l w l l w l a2.9 1.9l l
a a a Äs x T T x p h y h p h f h .l9 w w l a a , nya a , nya nya nya , a a1.9 2.9l l
a a a Äs x T T x p h y h .l9 w w l a a , nya a , nya1.9 2.9l l
= Xp h f q p h hnya nya , a a b b /
b)nya
a a a Äs x T T x p h y h ¨ n y a, a h . .l9 w w l a a , nya a , nya1.9 2.9l l
a a aÄ Äs p h y h p x T T x h y h p h .  .Ã Ãa a , nya a , nya nya l9 w w l nya , a nya , a a1.9 2.9Ã Ãl l
a a aÄs p h y h x T T x ¨ n y a, a h . . Ã Ãa a , nya a , nya l9 w w l1.9 2.9Ã Ãl l
a a aÄs p h y h ¨ n y a, a x T T x h. . .a a , nya a , nya l9 w w l1.9 2.9l l
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Ä .This implies the map denoted by u which sendsR
¨ n y a, a xaT a T a x h . l9 w w l1.9 2.9l l
  ..  . a a afor any h g H D to ¨ a, n y a x T T x h h defines aÃ ÃR , q n l9 w w l nya, a1.9 2.9Ã Ãl l
Ãl lÄ Ä .H D -module homomorphism from S to S .R , q n R R
Ä Ä ÄNow for arbitrary field K, let u s u m 1. We know u is actually aK R R KÃl lÄ Ä .H D -module homomorphism from S to S . It remains to prove theq n K K
 . a a ainjectivity. In fact, suppose ¨ a, n y a x T T x h h s 0. We getÃ Ãl w w l nya, a1.9 2.9Ã Ãl l
h xaT a T a x h s xaT a T a x h h s 0,Ã Ãnya , a l9 w w l l9 w w l nya , a1.9 2.9 1.9 2.9Ã Ãl l l l
which implies xaT a T a x h s 0, as required. This completes the proofl9 w w l1.9 2.9l l
of the whole theorem.
 .3.8 THEOREM. Suppose n is e¨en, char K / 2. Let l be an a-bipartition
1. 2.  .of n with l s l . Then there exists two nonzero proper H D -submodulesq n
Äl Äl q Äl y Äl q Äl y .  .  .  .  .of S : S and S with dim S s dim S , such that
q y
l l lÄ Ä Ä<S s S [ S . .  .H D .q n
Äl <Proof. Let n s 2 a. We identify S withH D .q n
¨ a, a xaT a T a x H D . .  .l9 w w l q n1.9 2.9l l
Ã  .  .Since l s l, we get by Theorem 3.7 a H D -module isomorphism:q n
;
l lÄ Ä< <S ª S .H D . H D .q n q n
ÄWe denote the isomorphism by u . Set
q y
l l l lÄ Ä Ä Ä Ä Ä< <S s x q u x x g S , S s x y u x x g S . .  . .  . 4  4
Äl q Äl y Äl .  .  . It is clear that S , S are two H D -submodules of S and sinceq n
Äl Äl q Äl y.  .  .char K / 2 S s S q S . It remains to prove that both of the two
modules are nonzero and have the same dimensions and that the above
sum is a direct sum. We divided the proof into three steps:
Äl q Äl y .  .Step 1. We claim that S / 0, S / 0. It suffices to show that
Ä Ä Ãu f K. Suppose u s k, for some 0 / k g K. Since l s l, we have
¨ a, a h xaT a T a x s ¨ a, a xaT a T a x h .  .a , a l9 w w l l9 w w l a , a1.9 2.9 1.9 2.9l l l l
s k¨ a, a xaT a T a x , . l9 w w l1.9 2.9l l
which implies h s k, a contradiction. This proves our claim.a, a
y1 Äl q Äl yw x  .  .Step 2. Let R s Z q, q . We claim that both S and S areR R
Äl .free R-modules with rank equal to dim S r2. Since R is a principal ideal
domain, the freeness is obvious. We only need to find their rank.
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Äl q Äl yw  .x  .  .Specializing q to 1, we get two Q W D -modules: S and S . Itn Q Q
suffices to prove that
q y
l l lÄ Ä Ädim S s dim S s dim S r2. . .  .Q Q
w  .x  .Note that Q W B is a split semisimple algebra. By Lemma 2.3 andn
Äl Äl q Äl y .  .the fact that S s S q S , we only need to show thatQ Q Q
q y
l l l lÄ Ä Ä ÄS / S , S / S . .  .Q Q Q Q
We only prove the first one, while the second one can be proved
Äl q Äl . w  .xsimilarly. Suppose S s S . This implies that for some g g Q W D ,Q Q n
¨ a, a za s ¨ a, a za g q w g , .  .  .l9 l9 a , a
where z s x w 1.9 w 2.9 xa. Arguing as before we can assume that g gl9 l9 l l l
w xQ S . Hencen
za s za g q w g s 1 q w za g . .  .l9 l9 a , a a , a l9
Now multiply both sides by 1 y w from the left side. We seea, a
za 1 y w s 1 y w za s 1 y w2 za g s 0, .  .  .l9 a , a a , a l9 a , a l9
which is a contradiction. This proves our claim.
Step 3. Now for any field K with char K / 2, we claim that
q y
l l lÄ Ä Ä<S s S [ S . .  .H D .q n
In fact, this is clear, since we already have proved that
q y
l l lÄ Ä Ä<S s S q S , .  .H D .q n
Äl q Äl y .  .and from the result of Step 2 we know both S and S have
Äl .dimensions as dim S r2. Therefore the above sum must be a direct sum.
This completes the proof of the whole theorem.
 .  .3.9 THEOREM. If H D is semisimple, then it is split semisimple. Inq n
that case
 .1 if n is odd, then the set
Äl < <S l is an a-bipartition of n with 0 F a F n y 1 r2 .H D . 5q n
 .forms a complete set of pairwise non-isomorphic simple H D -modules.q n
 .2 if n is e¨en, then the set
Äl 1. 2.< <S l is an a-bipartition of n with 0 F a F nr2 and l / lH D . 5q n
q y
l l 1. 2.Ä Ä <j S , S l is a nr2-bipartition of n with l s l .  . 5
 .forms a complete set of pairwise non-isomorphic simple H D -modules.q n
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 .Proof. By Lemma 2.3 and the fact that every irreducible H B -mod-q, 1 n
 .ule is absolutely irreducible, we see that every irreducible H D -moduleq n
 .is also absolutely irreducible. Therefore if H D is semisimple, then itq n
must be split semisimple.
 w x wBy the semisimplicity criterion for Hecke algebra see G or DPS,
x.  . Appendix , we know that if H D is semisimple, then char K / 2 henceq n
.  .the claim for even n in our theorem make sense and H B is alsoq, 1 n
Älsemisimple. Therefore S , where l runs through all the bipartitions of n,
 .forms a complete set of pairwise non-isomorphic simple H B -modules.q, 1 n
 . <  .  .Now suppose n is odd. Since H B ( H D [ H D , we seeH D .q, 1 n q n q nq n
Äl .every simple H D is a composition factor of some S and thatq n
2
lÄdim S s 2 dim H D . . . q n
l
Ãl lÄ Ä< <By Theorem 3.7, we know S ( S . ThereforeH D . H D .q n q n
2
lÄdim S s dim H D , . . q n
 .0FaF ny1 r2
l
Äl .and every simple H D -module is a composition factor of some S withq n
< 1. <  .0 F l s a F n y 1 r2.
 .Since H D is semisimple, the Wedderburn]Artin Theorem shows thatq n
 .the sum of the squares of the dimensions of the simple H D -modules isq n
 .  .greater than or equal to dim H D . Hence by the above identity weq n
know in this case the set
Äl < <S l is an a-bipartition of n with 0 F a F n y 1 r2 .H D . 5q n
 .forms a complete set of pairwise non-isomorphic simple H D -modules.q n
 .Suppose n is even. We have by Theorem 3.8
2 2q y2
l l lÄ Ä Ädim S q 2 dim S q dim S .  .  .   /  / /
l l
1. 2. 1. 2.l /l l sl
2 2
l lÄ Äs dim S q dim S .  . 
l l
1. 2. 1. 2.l /l l sl
s 2 dim H D . .q n
Therefore
2 2q y2
l l lÄ Ä Ädim S q dim S q dim S .  .  .   /  / /
0FaFnr2 l
1. 2.1. 2. l sll /l
s dim H D . .q n
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 .Note that by Theorem 3.7 and Theorem 3.8 we know every simple
Äl 1. . < <H D -module is a composition factor of some S with 0 F l s a Fq n
Äl q Äl y 1. 2. .  . nr2 and some S , S with l s l . Therefore in this case using
.the same arguments as when n is odd we have
Äl 1. 2.< <S l is an a-bipartition of n with 0 F a F nr2 and l / lH D . 5q n
q y
l l 1. 2.Ä Ä <j S , S l is a nr2-bipartition of n with l s l .  . 5
 .forms a complete set of pairwise non-isomorphic simple H D -modules.q n
This completes the proof of the whole theorem.
One interesting result of Theorem 3.7 is the following result, which
presents to us with a large class of pairwise non-isomorphic simple
 .H D -modules.q n
 .3.10 LEMMA. The nonzero ones in the set
Äl < <D l is an a-bipartition of n with a ) nr2H D . 5q n
 .form a set but may not be complete of pairwise non-isomorphic simple
 .H D -modules.q n
ÄlProof. Let l be an a-bipartition of n with a ) nr2. If D / 0, we
Äl Äl<  . <claim that D is simple H D -module. In fact, we have S (H D . H D .q nq n q nÃl lÄ Ä<  . <  .S by Theorem 3.7 . Therefore, if D is not a simple H D -H D . H D . q nq n q n
Äl .  .module, then by Corollary 2.5 D must appear as a H B -compositionq, 1 n
Ãl dÄ Ãfactor in S . Hence l l. In particular, n y a G a, which is a contradic-y
tion. This proves our claim.
 .By Theorem 2.4, each simple H D can be lifted to at most twoq n
e Ã .different H B -module structures. Since there already exists some m lq, 1 n y
Ä m Äl Äl< < <such that D ( D , it is obvious that those nonzero DH D . H D . H D .q n q n q n
 < 1. < .  .such that l ) nr2 are pairwise non-isomorphic simple H D -mod-q n
ules.
So far as to now, we can give a crude presentation of all the simple
 .  .H D -modules in terms of simple H B -modules. By the proof of theq n q, 1 n
Älabove theorem, we can restrict our attention to those D such that
< 1. <  .l F nr2. We divided those simple H B -modules into two classes:q, 1 n
Äl .  .A The simple H B -module D belongs to class A if and only ifq, 1 n
Äl <  .D is a simple H D -module.H D . q nq n
Äl .  .B The simple H B -module D belongs to class B if and only ifq, 1 n
Äl <  .D is a direct sum of a simple H D -module with its twist by t .H D . q nq n
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 .These give rise to two sets of simple H D -modules which include all theq n
 .simple H D -modules. We denote them by A9 and B9, respectively. Noteq n
 .that any simple H D -module in A9 cannot be isomorphic to a simpleq n
 .  .H D -module in B9. The simple H D -modules in B9 are pairwiseq n q n
 .non-isomorphic, while a simple H D -module can appear at most twice inq n
A9.
 .The question on determining which simple H D -modules belong to A9q n Ãl lÄ Äor B9 remains open. Since it may happen that D / 0, while D s 0, one
Ãl lÄ Ä< <cannot expect that D ( D always holds. But it seems veryH D . H D .q n q n
Äl 1. 2.likely that D belongs to class B for any l satisfying l s l . Our work
is a first attack, and we hope that we can solve it in a sequel.
 .4. A BASIS FOR H Dq n
 .Up to now, we have to study the representations of H D in terms ofq n
 .  .H B -modules. It is natural to ask if it is possible to do it within H Dq, 1 n q n
w xitself, or more precisely, to capture the main idea used in DJM . This is
the so-called Murphy basis philosophy, which has been extended to more
w xgeneral cases in GL for a large class of algebras called cellular algebras. In
particular, the Hecke algebras of type B are cellular algebras and then
Murphy basis is a cellular basis. One can ask if this is true for Hecke
algebras of type D , or equivalently, if it has the so-called cellular basis. Inn
this section we shall give an attempt in this direction.
 w  .x.Recall that see DJM, 4.14 the set
l U q <1. 2.x s T x x u T 0 F a F n , r and s are standard l-bitableaux r s d r . l l a d s.
for some a-bipartition l of n4
 .is a linear independent set which forms a basis for H B . We call it theq, 1 n
 .Murphy basis for H B .q, 1 n
For any a-bipartition l of n and any standard l-bitableaux r and s, set
def Ul
1. 2.y s T x x p T .r s d r . l l a d s.
Then if a G 1
U Ul
1. 2. 1. 2.x s T x x p 1 q T T s T x x p T q t T T .  . .r s d r . l l a 0 d s. d r . l l a d s. d s. 0
Ul
1. 2.s y q T x x p t T T . .r s d r . l l a d s. 0
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Hence the set
Ul <1. 2.y s T x x p T 0 F a F n , r and s are standard l-bitableaux r s d r . l l a d s.
for some a-bipartition l of n5
 .spans the whole H D as a K-vector space.q n
n  .Since the cardinality of the above set is 2 n!s 2 dim H D , it isq n
natural to ask if one can pick out in a simple way half of the elements in
 .the above set such that they form a basis for H D . The rest of thisq n
section gives it a partially positive answer.
For any 0 F a F n, define
l <V s K-Span y r and s are standard l-bitableauxa r s
for some a-bipartition l of n .4
We have
 .  .  .4.1 LEMMA. For any 0 F a F n, H S V H S s V .q n a q n a
Proof. It is enough to show that for any 0 F a F n,
H S p H S : V . .  .q n a q n a
Set
X l <V s K-Span x r and s are standard l-bitableauxa r s
for some a-bipartition l of n .4
 . q  . XThen it suffices to prove that H S u H S : V for any 0 F a F n.q n a q n a
But this follows immediately from the Murphy basis Theorems for
 .   ..H S resp. for H S and the proof of Lemma 3.2.q a q aq1, . . . , n.
Let V s V q V q ??? qV q ??? . Then by the above lemma we know0 2 2 k
 .  .that H S VH S s V. We shall see finally that V is actually equal toq n q n
 .H D . Now setq n
q s T ,0 u s1
q s T ??? T T T T T ??? T , for 1 F k - n y 1,k kq1 3 2 u s 2 3 kq11
and let q s q q ??? q . We observe thatk 0 1 k
 .4.2 LEMMA. For any k G 0,
q s a q T ??? T T T ,2 k 2 k 2 ky1 2 kq1 3 2 u
q s b q T ??? T T T ,2 kq1 2 kq1 2 k 2 kq2 3 2 1
 .where a and b are both in¨ertible elements in H S .2 k 2 kq1 q n
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Proof. We use induction on k. In the case k s 1 we have
q s T T T T s T T T T T T s T T q T T1 u s 2 u s 2 1 2 u 2 1 2 1 2 0 2 11 1
q s q T T T T T s T T T T T T T T T T2 1 3 2 u s 2 3 1 2 u s 2 1 3 2 u s 2 31 1 1
s T T T T T T T T T T T s T T T T T T T T T T T T1 2 u s 2 3 1 2 1 u 2 3 1 2 3 1 u 2 3 1 u 2 u 31
s T T T T T T T T T T T T s T T T T T T T T T T T T1 2 3 1 2 u 2 3 1 2 u 3 1 2 3 1 2 1 u 2 1 3 2 u
s T T T q T T T .1 2 3 1 3 2 u
Suppose the claim is true for F k. We see
q s q T ??? T T T T T ??? T2 kq2 2 kq1 2 kq3 3 2 u s 2 3 2 kq31
s w q T ??? T T T ??? T T T T T ??? T .2 k 2 kq2 2 1 2 kq3 3 2 u s 2 3 2 kq31
s wq T T ??? T T T T T T T T ??? T .  .  .  .2 k 2 kq2 2 kq3 2 3 1 2 1 u 2 3 2 kq3^ ` _
s wq T T T ??? T T T T T T T ??? T .  .  .2 k 2 kq3 2 kq2 2 kq3 2 3 1 2 u 2 3 2 kq3^ ` _
s wq T T ??? T T T T T T T ??? T .2 k 2 kq2 2 kq3 2 3 1 2 u 2 3 2 kq3
s w q T ??? T T T ??? T T T ??? T T . .2 ky1 2 kq1 2 u 2 kq2 2 1 2 kq3 3 2
=T T T ??? Tu 2 3 2 kq3
s wq T T ??? T T T T T T ??? T T T T .  .  .2 ky1 2 kq1 2 kq2 2 3 u 2 1 2 kq3 3 u 2 u^ ` _ ^`_
=T ??? T3 2 kq3
s wq T ??? T T T ??? T T T .2 ky1 2 kq1 2 u 2 kq2 3 2 1
=T ??? T T T T ??? T2 kq3 3 2 u 3 2 kq3
s wq T ??? T T T ??? T T T T ??? T T2 ky1 2 kq1 2 u s 2 kq2 3 2 1 2 kq3 3 21
=T T ??? Tu 4 2 kq3
s wq T ??? T T T T ??? T T T2 ky1 2 kq1 2 u s 2 2 kq2 3 2 11^ ` _
=T ??? T T T T ??? T2 kq3 3 2 u 5 2 kq3
...
s w q T ??? T T T T ??? T .2 ky1 2 kq1 2 u s 2 3 2 kq11
= T ??? T T T ??? T T T2 kq2 2 1 2 kq3 3 2 u^ ` _^ ` _
s wq T ??? T T T ??? T T T2 k 2 kq2 2 1 2 kq3 3 2 u
s wq T ??? T T T ,2 kq1 2 kq3 3 2 u
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 .where w represents some invertible element in H S . Also we haveq n
q s q T ??? T T T T T ??? T2 kq3 2 kq2 2 kq4 3 2 u s 2 3 2 kq41
s w q T ??? T T T ??? T T T T T ??? T .2 kq1 2 kq3 2 u 2 kq4 3 2 u s 2 3 2 kq41
s wq T T ??? T T T T T T T ??? T .  .  .2 kq1 2 kq3 2 kq4 2 3 u 2 u s 2 3 2 kq41^ ` _
s wq T T T ??? T T T T T T T ??? T .2 kq1 2 kq4 2 kq3 2 kq4 2 3 u 2 1 2 3 2 kq4
s wq T T ??? T T T T T T T ??? T .2 kq1 2 kq3 2 kq4 2 u 3 2 1 2 3 2 kq4
s wq T ??? T T T ??? T T T T ??? T .2 kq1 2 kq3 2 u s 2 kq4 3 2 1 3 2 kq41
s wq T ??? T T T T ??? T T T T ??? T .2 kq1 2 kq3 2 u s 2 2 kq4 3 2 1 4 2 kq41
...
s w q T ??? T T T ??? T T ??? T T T .2 kq1 2 kq3 2 u s 2 2 kq3 2 kq4 3 2 11
s wq T ??? T T T ,2 kq2 2 kq4 3 2 1
 .here w again represents some invertible element in H S . This com-q n
pletes the proof of the lemma.
 .  .4.3 THEOREM. 1 For any 0 F a F n, we ha¨e
a¡
V , if a is e¨en , i
is0~p ga ay1
V , if a is odd. i¢
is0
 .2 For any 2 F a F n, we ha¨e
a¡
V , if a is e¨en , i
is0~q gay2 ay1
V , if a is odd. i¢
is0
Proof. We use induction on a. It is clear that p , p g V , and p , q0 1 0 2 0
g V q V q V . Suppose it is true for any a - m. Consider p , q ; we0 1 2 m my2
divide into two cases:
2 kCase 1. m s 2k for some k ) 0. It is clear that p g  V . It2 k is0 i
2 kremains to show q g  V . By Lemma 4.2 we have2 ky2 is0 i
q s a q T ??? T T T .2 ky2 2 k 2 ky3 2 ky1 3 2 u
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2 ky2 By induction hypothesis, q g  V . Now use the fact that see2 ky3 is0 i
w  .x.DJM, 4.9
p hT g p H S q p H S q p H S .  .  .b u b q n bq1 q n bq2 q n
2 k .for any h g H S . We obtain that q g  V , as required.q n 2 ky2 is0 i
Case 2. m s 2k q 1 for some k ) 0. By Lemma 4.2, Lemma 4.1, and
2 kthe induction hypothesis it is easy to see q g  V . It remains to2 ky1 is0 i
2 kshow that p g  V . We have2 kq1 is0 i
2 kp s p q q T ??? T T T ??? T .2 kq1 2 k 2 k 2 u s 2 2 k1
...
s q q r i , . . . , i p q q ??? q , .2 ky1 a 1 s a i i i1 2 s
2FaF2 k , sF2 kya
ay1Fi - ??? -i F2 ky11 s
2 k .where r i , . . . , i g K. It suffices to prove that p q q ??? q g  V ,a 1 s a i i i is0 i1 2 s
for any 2 F a F 2k, s F 2k y a and a y 1 F i - ??? - i F 2k y 1.1 s
Using the identity
ap q q ??? q s T ??? T p y q p T ??? T q ??? q .a i i i i q1 aq1 aq1 a aq1 i q1 i i1 2 s 1 1 2 s
as T ??? T p q ??? q T ??? T y q Ti q1 aq1 aq1 i i aq1 i q1 i q11 2 s 1 1
??? T p q ??? q T ??? Taq1 a i2 i aq1 i q1s 1
we see this follows from Lemma 4.1 and induction on s.
 .  .4.4 THEOREM. V s H D . When n is odd, the setq n
def Ul <1. 2.A s y s T x x p T a s 0, 2, . . . , 2k , . . . , r and s are r s d r . l l a d s.
standard l-bitableaux for some a-bipartition l of n5
 .forms a basis for H D .q n
Proof. This follows from Lemma 4.1, Lemma 4.3, and the fact that the
ny1cardinality of the above set is 2 n! when n is odd.
 .4.5 Remark. Note that when n is even, the set A may not form a
 .basis for H D . In fact, by the enumeration on pairs of bitableaux, weq n
have checked that the set A forms a basis when n s 4, n s 6, but no
longer when n s 8. Also, since
2 2 2p T T T s T T p T T q qT p T y q T q qT T T , .2 2 u s 2 1 2 2 2 1 2 2 2 2 1 2 11
 2 2 2 .where 0 / q T q qT T T g V , the set A cannot be cellular in an2 1 2 1 0
  ..  .obvious way as the Murphy basis for H B . However, since V s H D ,q, 1 n q n
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defl .  .  4the H D -module M s p x H D for a g 0, 2, 4, . . . may play a simi-q n a l q n
 .lar role as the permutation modules of H B . In fact, by Theorem 4.4q, 1 n
 .and an easy argument one can show that any simple H D -module mustq n
l  4appear as a composition factor in some M , where a g 0, 2, 4, . . . .
 .Therefore it would be more interesting to construct simple H D -mod-q n
ules directly from only these modules. We leave it for further study.
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